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Euler $\sum_{n=1}^{\infty}\frac{1}{n^{k}}$ $*^{\backslash }$
Euler
(
) ( $?$ )
Riemann





*- (multiple zeta values) $\zeta(k_{1}, k_{2}, \ldots, k_{n})$ $(\mathrm{E}\mathrm{u}\iota_{\mathrm{e}\mathrm{r}}/$




$\zeta(k_{\text{ }}, k2, \ldots, kn)=\sum_{n1}\frac{1}{m^{k_{1}}m^{k_{2}}\cdots m^{k_{n}}12n}0<m<m_{2}<\cdots<m$.
$m_{i},$
$k_{i}$ $k_{n}\geq 2$ $m$
Dirichlet
$\sum_{m_{n}=n}\frac{A(k_{1,2,\ldots,-1}kkn’ m_{n})}{m_{n}^{k_{n}}}\infty.$ ,
$A(k_{1}, k_{2\cdot\cdot-},., k_{n}1;m_{n})=$ $\sum$ $\frac{1}{k_{1}k_{2}k_{n-1}}$ ,
$0<m1<m2<\cdots<m_{n-}1<mnm_{1}m_{2}$ . .. $m_{n-1}$
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*‘- $\zeta(k_{1}, k_{2}, \ldots , k_{n})$ $k:=k_{1}+k_{2}+\cdot,$ . $+k_{n}$ $\mathrm{w}\mathrm{e}\mathrm{i}\mathrm{g}\mathrm{h}\mathrm{t}_{\text{ }}$
$k_{i}$ $n$ depth
Example. weight 1 ( $k_{n}>1$ ) weight 2
$\zeta(2)$ – weight 3 $\zeta(3)$ $\zeta(1,2)$ $\zeta(3)$ depth $1_{\text{ }}\zeta(1,2)$
depth 2 weight 4 $\zeta(4),$ $\zeta(1,3),$ $\zeta(2,2),$ $\zeta(1,1,2)$
weight $k$ $2^{k-2}$ index
$2^{k-2}$ weight 3 $\zeta(3)=\zeta(1,2)$ (Euler
[E] $)$





Definition. $k\geq 0$ $\mathrm{Q}$ 4 $Z_{0}=\mathrm{Q},$ $\mathcal{Z}_{1}=\{0\}$ ,
$Z_{k}:=.. \sum_{;ka^{n.<}\mp:\text{ }k}\mathrm{Q}\zeta(k1, k2, \ldots, k_{n})$
$(k\geq 2)$
$Z:= \sum_{k\geq}0z_{k}$ $-$
weight $\text{ }k$ ( ) $\mathrm{Q}$
$Z$ Euler $(\pi^{2k}\in \mathcal{Z}_{2k})$ Lindemann
$\pi$ ( $\pi^{2},$ $\pi^{4},$ $\pi^{6},$ $\ldots$ $\mathrm{Q}$ – )





$1_{\text{ }}2$ ( Main Conjecture)
2. $Z$ ( ) free associative (commutative) algebra weight






$P_{d}$ Perrin number $P_{1}=0,$ $p_{2}=2,$ $P_{3}=3,$ $Pd=P_{d-2}+P_{d-}3(d\geq$
4) $\mu$ M\"obius $d_{k}$
$d_{0}=1,$ $d_{1}=0,$ $d_{2}=1,$ $d_{k}=d_{k-2}+d_{k-3}(k\geq 3)$
( $M_{k}$ M\"obius $d_{k}$
1– $t^{2}-t^{3}$ )
1 1 $\alpha\in Z\backslash \mathrm{Q}$
$z_{k_{1}4_{2}}$ $\underline{\subseteq}Z_{k_{1}+k_{2}}$ 1, $\alpha,$ $\alpha^{2},$ $\alpha^{3},$ $\ldots$ weight
$\mathrm{Q}$










4. $\mathrm{P}^{1}\backslash \{0,1, \infty\}$
Galois Hodge –
Motif (Deligne [Del]) ( )
Drinfel’d quasi-triangular quasi-Hopf algebra $([\mathrm{D}\mathrm{r}])$ Drinfel’d
associator, $\mathrm{G}\mathrm{r}\mathrm{o}\mathrm{t}\mathrm{h}\mathrm{e}\mathrm{n}\mathrm{d}\mathrm{i}\mathrm{e}\mathrm{C}\mathrm{k}-\mathrm{T}\mathrm{e}\mathrm{i}_{\mathrm{C}\mathrm{h}\ddot{\mathrm{u}}11\mathrm{e}\mathrm{r}}\mathrm{m}$ ( )
Drinfel’d
weight 16
5. A. Goncharov $([\mathrm{G}2])$ “Having the theory of mixed




$GL_{2}(\mathrm{Z}),$ $GL_{3}(\mathrm{Z})$ depth 2
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Galois Ihara-Takao ([M], Lie subspace $SL_{2}(\mathrm{Z})$
cusp form – )
Goncharov
6. M. Hoffman $Z$ index $k_{i}$ 2 3
$\zeta(k_{1}, k_{2}, \ldots, k_{n})$















$=$ $\int_{0}^{1}\frac{dt_{k}}{A_{\epsilon_{k}}(t_{k})}\int_{0}^{t_{k}}$ . . . $\int_{0}^{t_{3}}\frac{dt_{2}}{A_{\epsilon_{2}}(t_{2})}\int_{0}^{t_{2}}\frac{dt_{1}}{A_{\epsilon_{1}}(t_{1})}$ ,
$A_{0}(t)$ $A_{1}(t)$ $t$ $1-t$
Theorem ( ).







Definition. $n\geq 1,$ $k_{i}\geq 1$
$Li_{k_{1},\cdots,k_{n}}(z):=0<m1< \sum_{n}\ldots\frac{z^{m_{n}}}{m_{1}^{k_{1}}\cdots m_{n}^{k_{n}}}<m$ .
$|z|<1$ $k_{n}\geq 2$ $z=1$
$\zeta(k_{!}, \cdots 7k_{n})$ $z=1$
Lemma.
$\frac{d}{dz}Li_{k_{1},k_{2}},\ldots,k_{n}(Z)=\{$
$\frac{1}{z}Li_{k_{1},k_{2}},\ldots,k_{n-}1,kn-1(Z)$ , if $k_{n}>1$
$\frac{1}{1-z}Li_{k_{1},k_{2},\ldots,k}n-1(z)$ , if $k_{n}=1$ .
proof. $k_{n}>1$ $k_{n}=1$
$m\sim$ $m_{n}=m_{n}-+1 \sum_{1}\infty z^{m_{n}-1}=\frac{z^{m_{n-1}}}{1-z}$ 1
$Li_{1}(z)= \int_{0}^{z}\frac{dt}{1-t}$ Lemma






$A_{\epsilon\text{ }}(t)t= \frac{dt}{1-t}$ $\frac{dt}{A_{\epsilon_{k}}(t)}=\frac{dt}{t}$ $k-2$





$I( \epsilon_{1}, \ldots, \epsilon_{k})=\int_{0}^{1}\frac{dt_{1}}{A_{\epsilon_{1}}(t_{1})}\int_{t_{1}}^{1}\cdots\int_{t_{k2}-}^{1}\frac{dt_{k-1}}{A_{\epsilon_{k-1}}(tk-1)}\int_{t_{k1}}^{1}\frac{dt_{k}}{\mathrm{A}_{\epsilon_{k}}(t_{k})}-\cdot$
$(t_{1}, \ldots, t_{k})\vdash+(1-t_{k}, \ldots, 1-t_{1})$
$I(\epsilon_{1}, \ldots, \epsilon_{k})=I(1-\epsilon_{k}, \ldots, 1-\epsilon 1)$
$\zeta(k_{1}, \ldots, k_{n})$ Duality Theorem
Theorem (Duality). $\mathrm{k}=(k_{1}, k_{2}, . . . , k_{n})$ $\zeta(\mathrm{k})$ $\zeta(k_{1}, k_{2}, \ldots, k_{n})$
$\mathrm{k}$ 1
$\mathit{8}\geq 1,$ $a_{1},$ $b_{1,..\prime},$ $a_{S},$ $b_{s}\geq 1$ .
$\mathrm{k}’=(_{arrow-}1,\ldots,1, a_{s}+1,1,\ldots,1, a_{s}-1+b_{s^{-1b_{s-}-}}11b_{1}1, \ldots,1.’..\vee\cdot,1-1’ a_{1}+1)$
$\zeta(\mathrm{k}’)=\zeta(\mathrm{k})$ .
$\mathrm{k}$ $\mathrm{k}’,$ $\zeta(\mathrm{k}’)$ $\zeta(\mathrm{k})$ dual ( $(\mathrm{k}’)’=\mathrm{k}$ )
weight $k$ , depth $n$ $-$ dual weight $k$ depth $k-n$
. .
Example. $\zeta(1,2)=:\zeta(3)$ (Euler). $\zeta_{\frac{1,1,,1}{k-2},2)}=\zeta(k)$ . ( $\mathrm{T}\mathrm{h}$ .
$.$
.
$s=1,$ $a_{1}=b_{1}=k-1.)$ $\zeta(1,2,2)=\zeta(2,3),$ $\zeta(2,1,3)=$










$\zeta(p)\zeta(q)$ $=$ $(_{0<m} \sum\frac{1}{m^{p}})(_{0<n}\sum\frac{1}{n^{q}})=\sum_{0<m,n}\frac{1}{m^{p}n^{q}}$
$=$ $(m \sum_{0<<n}+0<m=n\sum+\sum_{n0<<m})\frac{1}{m^{p}n^{q}}$
$=$ $\zeta(p, q)+\zeta(p+q)+\zeta(q,p)$ ,
$\zeta(p)\zeta(q, r)$ $=$
$( \sum_{0<l}\frac{1}{l^{p}})(_{0n}\sum_{<m<}\frac{1}{m^{q}n^{r}})=\sum_{m^{\mathrm{t}}0<^{0}<n}<\frac{1}{l^{p}m^{q}n^{r}}$
$=$ $(_{0<}< \sum_{\iota m<n}+\sum_{m<n}+\sum_{n0<m<l<}+\sum_{=0<m<ln}+\sum_{<0m<n<l})0<^{\iota}=\frac{1}{l^{p}m^{q}n^{r}}$
$=$ $\zeta(p, q, r)+\zeta(p+q, r)+\zeta(q,p, r)+\zeta(q,p+r)+\zeta(q, r,p)$ .
$\zeta(k_{1}, \cdot\cdot, , k_{n})=\sum_{n}\frac{1}{m_{1}^{k_{1}}\cdots m_{n}^{k_{n}}}0<m1<\cdots<m$ ’ $\zeta(k_{1}’, \cdots, k_{n}’,)=\sum_{0<m_{1}’<\cdots<m_{n}’\prime}\frac{1}{m_{1}^{k_{1}’\ldots k}m_{n}^{n’}\prime}$
,
$\zeta(k_{1}, \cdots, k_{n})\zeta(k_{1}’, \cdots, k_{n}’,)=0<m’0<m_{1}1<\cdots<\sum_{\prime ,<\cdots<m}mn’n\frac{1}{m_{1}^{k_{1}}\cdots m_{n}^{k}nm1mk_{1}\prime\ldots k_{n}^{;}n\prime}$,
$0<l_{1} \leq l\leq\sum_{2\leq\iota n+n}\ldots$
,
( $m_{j}$
$m_{j}’$ , $m_{j}$ $m_{j}’$ , $\leq$




( index depth depth
) ( duality depth
$\alpha\in Z$ straightforward (index set





$x rightarrow\frac{dt}{\prime t},$ $y \mapsto\frac{dt}{1-t}$
$x$ $y$ word
– $\mathrm{Q}[x, y]_{n.c}$.
$\mathrm{Q}[x, y]_{n.c}$ . Lyndon words
words free commutative associative algebra
( algebra “harmonic algebra” )

















proof. shuﬄe product (
) $\{\omega_{\sigma^{-1}(1}),\omega\sigma-1(2), \ldots, \omega 1k’)\}\sigma^{-}(k+$ . $\{\omega_{1}, \ldots, \omega_{k}, \omega_{k}+1, \ldots, \omega k+k^{J}\}$





$\{\omega_{1}, \omega_{2}, \ldots, \omega_{k}\}$ $\{\omega k+1,\omega k+2, \ldots,\omega k+k’\}$ shuﬄe $\omega_{1}$
$\omega_{k+1}$
1($\int_{0}^{z}\omega_{1}\omega 2$ . . $\omega_{k})’=\omega_{1}(Z)\int 0\omega_{2}\cdots\omega zk$







weight 2: $Li_{1}(z)^{2}= \int_{0}^{z}\frac{dt}{1-t}\int_{0}^{z}\frac{dt}{1-t}=2\int_{0}^{z}\frac{dt}{1-t}\frac{dt}{1-t}$
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$=2Li_{1,1}(_{Z})$

























$\zeta(3)=\zeta(1,2)$ Euler ( Euler
$\zeta(1)$
$!$ ) – $((1)((k_{1}, k_{2}, \ldots, k_{n})$
$(k_{n}>1)$ ( (
$\zeta(2,1))$ ) Hoffmman
(\S 5 ) double shuﬄe relation
3. duality double shuﬄe relation
58
weight 10
Example. weight 2: $\zeta(2)$ 1
weight 3: $\zeta(3)$ $\zeta(1,2)$ duality ( double shuﬄe
relation) $\zeta(3)=\zeta(1,2)$ – $Z_{3}$ 1 $d_{3}=1$ .
weight 4: 4 duality $\zeta(1,1.’ 2)=\zeta(4.)$ . $\zeta(1)\zeta(3)$
double shuﬄe relation $\zeta(4)=\zeta(1,3)+\zeta(2,2),$ $\zeta(2).\zeta(2)$ double
shuﬄe relation $\zeta(4)=4\zeta(1,3)$ . $\zeta(1,3)=\frac{1}{4}\zeta(4),$ $\zeta(2,2)=\frac{3}{4}\zeta(4-)$ .
$d_{4}=1$ .
weight 5: $2^{5-2}=8$ duality $\zeta(1,1,3)=\zeta(1,4),$ $\zeta(1,2,2)=\zeta(2,3)$ ,
$\zeta(2,1,2)=\zeta(3,2),$ $\zeta(1,1,1,2)=\zeta(5)$ . $\zeta(1)\zeta(4)$ double shuﬄe
relation $\zeta(5)=\zeta(1,4)+\zeta(2,3)+\zeta(\mathrm{s}, 2)$ $\zeta(2)\zeta(3)$ double shuﬄe relation
$\zeta\{5$ ) $=6\zeta(1,4)+2\zeta(2,3)$ 2 ’ $\zeta(1,4)$ $\zeta(2,3)$
( ) $\zeta(5)=6\zeta(1,4)+2\zeta(2,3),$ $\zeta(3,2)=5\zeta(1,4)+\zeta(2,3)$




Theorem (Hoffman ). $(k_{1}, k_{2}, \ldots, k_{n})$ – index set $(k_{n}>1)$
$\sum_{l=1}^{n}\zeta(k_{1}, \ldots, k_{l}+1, \ldots, k_{n})=1\leq \mathrm{t}\leq\sum_{2k_{l}\geq}n.k_{l}-\sum_{0j=}^{2}\zeta(k_{1}, \ldots , k_{\iota-1},j+1, k.\iota-j, k.l+1, ..\cdot. , k.n)$ .
$\zeta(1)$ double shuﬄe relation
$\zeta(\dot{1})\zeta(k_{1}, k2, \ldots, kn)(k_{n}>1)$
shuﬄe
Theorem (Sum formula). $0<n<k$ $n,$ $k$ .








$k=n+ \sum_{1}^{\infty}S(k, n)Yk-n-1$ $=$



















Theorem (Ohno). $(k_{1}, k_{2}, \ldots,.k_{n})$ $(k_{1}’, k_{2}’, \ldots, k_{n}’,)$ dual index sets
$\ell\geq 0$
$\mathit{6}1+\epsilon 2\sum_{+\cdots+\epsilon n=l}\zeta(k1+\mathit{6}1, k2+\mathcal{E}_{2}, \ldots, k_{n}+\epsilon n)=\sum_{\ell\epsilon_{1^{+\epsilon’+\cdots+\epsilon’}}’,2n\prime=}\zeta(k_{1^{+}}’\epsilon_{1’ 2}’k\prime k’+\epsilon^{J}\ldots,,+\epsilon’,)2’ nn$
.





sum formula $\ell=1$ –
dual Hoffman –
$d_{k}$ reduce
$d_{8}=4,$ $d_{9}=5,$ $d_{10}=7,$ $d_{11}=9$ Ohno
$d_{8}\leq 18,$ $d_{9}\leq 30,$ $d_{10}\leq 57,$ $d_{11}\leq 101$ ( )
(1 )weight
$\mathrm{k}=(k_{1}, k_{2}, \ldots, k_{n})$ wt(k) $=k_{1}+k_{2}+\cdots+kn’ \mathrm{d}\mathrm{e}\mathrm{p}(\mathrm{k})=n$ , $k_{i}>1$
$i$ height ( Ohno-Zagier ) ht(k)
ht(k) $\leq \mathrm{w}\mathrm{t}(\mathrm{k})/2$
Theorem ($\mathrm{L}\mathrm{e}-\mathrm{J}$ . Murakami). $1\leq s\leq k$ $s,$ $k$
$ht( \mathrm{k})S.w\sum_{=}\mathrm{k}\iota(\mathrm{k})=2k(-1)dep(\mathrm{k})\zeta(\mathrm{k})=\frac{(-1)^{k}}{(2k+1)!}\sum_{r=0}k-S(2-2^{2r})B2r$
. $\pi^{2k}$ .
( $B_{2r}$ Bernoulli )
weight ( weight
duality ) $\pi^{2k}$ Euler
$\zeta(2k)$
$2(-1)^{k} \sum^{k}(-1)^{r}(1r=-0s-\frac{1}{2^{2r-1}})\zeta(2r)\zeta 2,2,-k-r’ 2$
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(framed link ) Lie
$([\mathrm{T}])$





Drinfel’d (quasi-triangular quasi-Hopf algebra) Lie
( $\mathrm{P}^{1}\backslash \{0,1, \infty\}$ Galois
) 1 “main conjecture” $-$
Drinfel’d $\varphi_{KZ}(x, y)$ $\mathrm{C}$ 2 $\mathrm{C}[[x, y]]_{n.C}$ .
([Dr] (2.12), (5.3), (2.13)) (Drinfel’d associator)
$KZ$
$\frac{dG}{dt}=\frac{1}{2\pi i}(\frac{x}{t}+\frac{y}{t-1})G(t)$
($G(t)$ $\mathrm{C}[[x, y]]_{n.C}$ .
) [Dr] $\varphi_{KZ}(X$ , explicit (
( ) $)$ [LM2] (‘
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$\zeta(k_{1}, k_{2,\ldots,n}k)$ ’ ) $\varphi_{KZ}(x, y)$
degree (6 ) Lyndon words Lie elements (
Hall )
$\varphi_{KZ}(X$ , $\zeta(k_{1}, k_{2}, \ldots, k_{n})/(2\pi i)weight$ (weight
– )
$K$ $0$ $\varphi_{K}z(X, y)$ $K$ 2
$M_{1}(K)$ Drinfel’d $GRT_{1}(K)$ (a
variant of $\mathrm{G}\mathrm{r}\mathrm{o}\mathrm{t}\mathrm{h}\mathrm{e}\mathrm{n}\mathrm{d}\mathrm{i}\mathrm{e}\mathrm{c}\mathrm{k}_{-\mathrm{T}\mathrm{e}}\mathrm{i}_{\mathrm{C}\mathrm{h}\ddot{\mathrm{u}}11\mathrm{e}\mathrm{r}}\mathrm{m}$ group,
$K$ 2 ) $M_{1}(K)$
i) GRTi $(K)$ $M_{1}(K)$ free transitive, ii) $M_{1}(\mathrm{Q})\neq\phi$
$GRT_{1}(K)=\exp(\mathfrak{g}\mathfrak{r}\{_{1}(K))$ Lie $\mathrm{g}\mathfrak{r}\mathrm{t}_{1}(K)$ (
$\subset K[[x, y]]_{n}.c.)$ $\mathrm{g}\mathfrak{r}\mathrm{t}_{1}(K)$ Deligne
3 – $K$ Lie
i) ii) $\varphi_{K}z(X, y)$
$\exp(\mathrm{g}\mathfrak{r}\mathrm{t}\mathrm{l}(\mathrm{C}))$ $\mathrm{Q}$ $\mathfrak{g}_{T\{_{1}}(K)$







$\varphi_{KZ}(x,.y)$ $c_{3}\omega_{3},$ $c_{5}\omega_{5},$ $c_{7}\omega_{7},$ $c_{8}[\omega_{3}, \omega 5],$ $\ldots$
$\mathrm{Q}$
$\varphi_{KZ}(x, y)$ $\mathrm{Q}$ [ $c_{3}$ , C5, . . .]
\S 1 ( $\zeta(k_{1},$ $k2,$ $\ldots,$ $kn)/(2\pi i)weight$ version)
Lie
Witt $\mathrm{g}\mathfrak{r}\mathrm{t}_{1}(K)$ ( ) degree $k$
2 $M_{k}$
Example. $\cdot$ $\zeta(k)=\zeta\sim(k)/(2\pi i)k$
$c_{3}=\overline{\zeta}(3),$
$\omega_{3}$ $=$ $[x, [x, y]]-[[x, y],$ $y]$
$c_{5}=\overline{\zeta}(5),$
$\omega_{5}$ $=$ $[x, [x, [x, [x, y]]]]-2[x, [x, [[x, y], y]]]$
$+$ $\frac{3}{2}[[x, [x, y]], [x, y]]+2[x, [[[x, y], y], y]]$
$+$ $\frac{1}{2}[[x, y],$ $[[x, y],$ $y]]-[[[[x, y],$ $y],$ $y],$ $y]$
$\exp(1+c_{3}\omega_{3}+c_{5}\omega_{5}+.c_{7}\omega_{7}+c_{8}\omega_{8}+.\cdots)\text{ _{}\varphi_{\grave{K}Z}}...(x,.y)$ $M_{1}(\mathrm{Q})$
5
$1+ \frac{1}{24}[x, y]-\frac{1}{1440}([x, [x, [x, y]]]-\frac{1}{4}[x, [[x, y], y]]+[[[x, y],$ $y],$ $y])+$ ($6$ )
.
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$\varphi Kz(X, y)$ $\log\varphi_{K}z(x, y)$ Lie $\mathrm{e}\mathrm{l}\mathrm{e}\mathrm{m}\mathrm{e}\mathrm{n}\mathrm{t}$ (X, $y$
$\mathrm{C}$ Lie $\mathcal{L}$ [X, $y$] $=xy-yx$ $\mathrm{C}[[x, y]]_{n.C}$.
) ( $\varphi_{KZ}(x, y)$ Lie element
Lie element *‘ $-p$ shuﬄe
)
4. $\log\varphi_{K}z(x$ , Lie element ( )
?





$!)_{\text{ }}$ [Dr] (2.15) Zagier [Z2]
1– $\sum_{m,n=1}^{\infty}\zeta(1,1, \ldots,1-m-1’ n. +1)X^{m}\mathrm{Y}^{n}=\exp(_{k}\sum_{=2}^{\infty}\frac{\zeta(k)}{k}(x^{k}+Y^{k}-(X+Y)^{k}))$
( Galois ( (X, $Y$) $-*$
$(-X, -\mathrm{Y})$ ) Jacobi sum universal power series
(adelic beta function) explicit formula ([Ih2] ) )
$\varphi_{KZ}(x, y)$ : $\varphi_{KZ}(X, y)=\Phi(\frac{x}{2\pi i}, \frac{y}{2\pi i})$ $\Phi(X, \mathrm{Y})=1-$
$\zeta(.2)[x, \mathrm{Y}]-\zeta(3)[x, [x, \mathrm{Y}]]+\zeta(1,2)[[X, Y],$ $Y]+\cdots.\check{}\gamma_{l}k\text{ }\mathrm{B}\backslash ’\lambda \text{ }j_{\mathrm{J}}^{\backslash \vee^{*}}arrow\geq\#^{arrow}\mathrm{c}\mathrm{d}\mathrm{e}\mathrm{g}\mathrm{r}\mathrm{e}\mathrm{e}$
$6$ $\circ$ shuﬄe product shuﬄe product
$\zeta(2)\circ\zeta(2)$ $2\zeta(2,2)+4\zeta(1,3)$ .
( $\zeta(2)^{2}$ )( degree 10
)
$\deg 2$ : $-\zeta(2)[X, Y]$
$\deg 3$ : $-\zeta(3)[X, [X, Y]]+\zeta(1,2)[[x, \mathrm{Y}],$ $\mathrm{Y}]$
$\deg 4$ : $-\zeta(4)[X, [X, [X, Y]]]+\zeta(1,3)[X, [[X, Y], Y]]-\zeta(1,1,2)[[[x, Y],$ $Y],$ $Y]$
$+ \frac{1}{2}\zeta(2)\circ\zeta(2)[X, Y]^{2}$
$\deg 5$ : $-\zeta(5)[X, [X, [X, [X, Y]]]]+\zeta(1,4)[X, [X, [[X, \mathrm{Y}], \mathrm{Y}]]]$
$+(2\zeta(1,4)+\zeta(2,3))[[x, [X, Y]], [x, \mathrm{Y}]]-\zeta(1,1,3)[X, [[[X, Y], \mathrm{Y}], Y]]$
$-(3\zeta(1,1,3)+\zeta(1,2,2))[[x, Y],$ $[[X, Y],$ $Y]]+\zeta(1,1,1,2)[[[[x, \mathrm{Y}],$ $Y],$ $Y],$ $Y]$
$+\zeta(2)\circ\zeta(3)[X, Y]\cdot[X, [x, Y]]-\zeta(1,2)\circ\zeta(2)[[x, Y],$ $Y]\cdot[X, Y]$
$\deg 6$ : $-\zeta(6)[X, [X, [X, [X, [X, Y]]]]]+\zeta(1,5)[X, [X, [X, [[x, \mathrm{Y}], Y]]]]$
$+(\zeta(2,4)+2\zeta(1,5))[x, [[X, [X, Y]], [\dot{\mathrm{x}}, Y]]]-\zeta(1,1,4)$ [$X,$ [.X,.[ $[[X,$ $Y],$ $Y],$ $Y]]$ ]
$-(\zeta(1,2,3)+3\zeta(1,1,4))[X, [[X, Y], [[X, Y], \mathrm{Y}]]]$
$-(\zeta(2,1,3)+3\zeta(1,2,3)+6\zeta(1,1,4))[[x, [[X, Y], Y]], [X, Y]]$
$+\zeta(1,1,1,3)[X, [[[[X, Y], Y], Y], Y]]$
$+(\zeta(1,1,2,2)+4\zeta(1,1,1,3))[[x, \mathrm{Y}],$ $[[[X, \mathrm{Y}],$ $\mathrm{Y}],$ $Y]]$ .
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$-\zeta(1,1,1,1,2)[[[[[X, Y],$ $\mathrm{Y}],$ $\mathrm{Y}],$ $Y],$ $Y]$
$+\zeta(2)\dot{\mathrm{O}}\zeta(4)[X, \mathrm{Y}]\cdot[X, [X, [X, \mathrm{Y}]]]-\zeta(2)0\zeta(1,3)[X, \mathrm{Y}]\cdot[X, [[X, \mathrm{Y}], \mathrm{Y}]]$
$+\zeta(1,1,2)\circ\zeta(2)[[[x, \mathrm{Y}],$ $Y],$ $Y]$ : [X, $\mathrm{Y}$ ] $-\zeta(1,2)\circ\zeta(3)[[x, \mathrm{Y}],$ $Y]\cdot[X, [X, Y]]$
$+ \frac{1}{2}\zeta(3)0\zeta(3)[x, [X, Y]]^{2}+\frac{1}{2}\zeta(1,2)0\zeta(1,2)[[x, Y],$$Y]2- \frac{1}{6}\zeta(2)0\zeta(2)0\zeta(2)[X, Y]^{3}$
7.
M. Hoffman
http: $//\mathrm{w}\mathrm{w}\mathrm{w}$ . nadn.navy. $\mathrm{m}\mathrm{i}1/\mathrm{U}_{\mathrm{S}\mathrm{e}}\mathrm{r}\mathrm{s}/\mathrm{m}\mathrm{a}\mathrm{t}\mathrm{h}/\mathrm{m}\mathrm{e}\mathrm{h}$
Euler [E] depth 2
– $\zeta(k_{1}, k_{2})$ $\zeta(k)$
Ohno-Zagier [OZ]
1,2 [Br2], [De2], [G2], [G3], [H3], [Z1]
“Galois side” [Dell, [Ihl], [Ih2], [Ih3] [lh2]
shuﬄe product identity – situation
Ree [R] K. T. Chen Illinois Journal of Math.
34 (1990)
-b‘ $-$ (\S 2) [Z1] Kontsevic
(Deligne )
Double shuﬄe relation (\S 4) [G2], [G31 generic
[H3]
Sum formula (\S 5) [H3] 1988 C. Moen $k=3$
A. Granville D. Zagier (1996)
Hoffman harmonic algebra (\S 3) Ohno (\S 5) $\mathrm{C}[[x, y]]_{n.C}$ .
derivation [K] [K]
.






– ( etc) $[\mathrm{G}2|$ ,
[G3], [G4], [BBB], [BBBL] “Multiple L-values”
.
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[AK] Arakawa, T., Kaneko, M. : Multiple zeta values, poly-Bernoulli numbers, and
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